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Abstract

Not all goods and services consumed by household members are produced within the household,
but they are supplemented by firms and the government. As the economy develops, it tends to be in-
dustrialized and urbanized. Furthermore, the population tends to be aging with nuclear families more
numerous than multigenerational ones. All these developments combine to have made it more diffi-
cult for some households to adequately procure goods and services needed by their members, so that
they are obliged to produce whatever amount of them in excess of external supplies. Thus, they are
overworked.

A simple model of the economy that necessitates this type of “sociostructural overwork” is for-
mulated to analyze its behavior over aggregate fluctuations. Then, it turns out that the degree of so-
ciostructural overwork is countercyclical in the sense that it is alleviated during aggregate expansion
while it is aggravated during aggregate contraction.

Keywords: child care, elderly care, household work, overwork, family welfare, aggregate fluctuations

INTRODUCTION

The fact that household sector is large is in controvertible. It employs % and % of the re-
spective working age population in Japan and the United States (Statistics Bureau, Japan Management
and Coordination Agency, to date; Bureau of Labor Statistics, U.S. Department of Labor, to
date; Maruyama and Sasaki, ). Household expenditures for consumer services and nondurables
constitute % and % of respective GDP in the two countries. Furthermore, household invest-
ment (e.g., Eisner, ; Greenwood and Hercowitz, ) in the form of consumer durables and
semidurables, residential investment, and household equipment and structures ( % and % of re-
spective GDP) exceeds firm investment in equipment and structures ( % and % of respective
GDP in recent years (Economic Planning Agency of Japan, to date; Bureau of Economic Analysis,

*  Fuyjitsu BMC, Inc.
T The authors are indebted to Setsu Ito, Wonchul Kang, Chiyono Matsushima, Michiko Mifune, Set-
suko Sato and Tadashi Sonoda for their valuable comments on earlier versions of this article.



U.S. Department of Commerce, to date; Maruyama and Sasaki, )). Its output of goods and
services 1s estimated by Eisner ( ) to amount to % of firm output, which is recently recon-
firmed by Bryant, Zick and Kim ( ) in the United States.

In a similar study the Yoka Kaihatsu Center (Leisure Development Center, ) evaluated the
value of household work at % of the National Income of Japan, which was comparable to the
Net National Product of manufacturing and service Industries in the same year. The Economic Plan-
ning Agency ( ) has recently estimated the value of unpaid household work at ~ % of
GDP. However, their estimates are criticized for underestimation because they fail to include the time
for learning, and the time for commuting to and form schools and factories (offices). The latter of
which by many authors including Eisner ( ) and Greenwood and Hercowitz ( ) is thought of as
gift from households to firms, though the Economic Planning Agency includes the time for volunteer
activities.

Not all household goods and services are produced within the household, but they are supple-
mented by external supplies from firms and the public sectors including such informal ones as neigh-
boring communities. As the economy develops, it becomes industrialized and urbanized. Furthermore,
the population tends to be aging with the nuclear families more numerous than the multigenerational
ones. All these developments combine to have made it more difficult for some households to ade-
quately procure household goods and services needed by their members. Hence, these households are
obliged to produce whatever amount of them needed by their members in excess of external supplies.
Thus, they are obliged to work so hard as to render the value of marginal product of their household la-
bor to fall short of the market wage rate. In other words they are simply overworked. This type of
overwork by nature cannot be alleviated but rather aggravated to the contrary by reducing the aggre-
gate demand as will be seen in the subsequent sections. Hence, it may be conveniently referred to as
“sociostructural overwork” (Maruyama, and ).

This paper intends to analyze the behavior of such an economy as necessitates the sociostruc-
tural overwork. Actually, this task has been attempted by Maruyama ( ). However, it turns out that
his work can be improved in several dimensions by the recent development of the internal price
(wage) effects due to Sonoda and Maruyama ( and ). This fact has prompted the present pro-
ject. The following section introduces the model, which naturally proves to be a revised version of the
model due to Maruyama ( ), but is improved in several ways by incorporating the recent results
relative to the “internal price (wage) effects.” Section analyzes the behavior of this economy over ag-
gregate fluctuations, which are artificially generated by changes in autonomous investment. Section

discusses the results of this analysis. Finally, Section concludes the paper.

A MODEL OF THE ECONOMY THAT NECESSITIES THE “SOCIOSTRUCTURAL
OVERWORK?”

The economy consists of m identical households, n identical firms, and a single government. The
model is depicted graphically in Fig. . The outputs of these sectors are numbered respectively in the
order of the household, the firm and the government sector. The output of a firm and the government
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are well-behaved functions of the employment of labor, M and N, respectively, while that of a house-
hold is a similar function of the employment of labor L and other inputs K.

y; =FL,K) y,=G(M) and y, =H(N)
Goods and services consumed by members of the households mq are produced by households and the

government. It is assumed that whatever amount of them in excess of those supplied by the govemn-
ment is to be produced by households themselves.

mF(L,K) 2mq—-H(N) or mF(L,K)+H(N)-mq=0 )

A part of the output of firms nG(M) is supplied to households for other inputs mK into their produc-

tion and the rest is used for investment I, which is assumed to be autonomous for simplicity.
nGM)2>mK+1 or nG(M)-mK-1>0, I=const>0 )
Labor is supplied by households and is employed by themselves, firms and the government,
mLs-nM-N2>0, L, =T-L-e, T=const>0 ()
where T and e, respectively, denote the endowment of time and the consumption of leisure by each
household.
Each firm and the government are price takers and organize their production so as to maximize
their profit m, =rG(M)—-wM and =, = pH(N)— wN, respectively, where r and p denote the price of

their outputs while w denotes the rate of wage. The government is assumed to make neither profit

nor loss. Hence,

G,(M)-w <0 )



pPH,(N)-w<0 )

Each household is a price taker to satisfy the budget constraint ( ) below as well as the constraint ( )
requiring whatever amount of goods and services consumed by household members in excess of their
government supply be produced by the household itself.

n, + Wl -we—-pq>0, m, =pF(L,K)-wL-1K )

It organizes its production so as to maximize its welfare, which is a well-behaved function of the con-
sumption of leisure e, and goods and services q.
W=U(e,q)

The Kuhn-Tucker-Lagrange conditions associated with its welfare maximization require that the

following relations be satisfied along with the inequalities ( ) and ( ) above.

pF(L,K)-w<0, p =p(l+Vv/A) )
p'F(L,K)-r<0 )
Uy(e,q)-Aw <0 O)
U,(e,q)—2p" <0 ()

where | denotes the Lagrange multiplier associated with the budget constraint ( ) above, indicating
the level of marginal household welfare of its full income (Becker, ), while n denotes the Lagrange
multiplier associated with the constraint ( ) above, indicating the magnitude of the premium in terms
of household welfare its members are prepared to pay for an additional unit of goods and services
which are in short supply. The newly introduced p* may be referred to as the “internal price” of goods
and services which is greater than its market price p, since they are in short supply. The budget con-

straint ( ) above is rewritten in terms of p” in the following way.
p'F(L,K)—wL-1K —we—p'q+wT—pH(N)>0 (a)

The system of inequalities ( )~( ) complete the model of our economy, where goods and services in
the (external) market are conveniently chosen to be a numeraire. Then, p= , though household mem-
bers are willing to pay for a unit of these goods and services within the household a premium equal to
n/l on top of it since they are in short supply.

Relations ( ), ( ), ( ), and ( ) combine to imply for interior solutions in which their equalities hold
that

pF1(')<p*F1(')=W =le(-)=rG1(~) )

pF, <p'F,() =1, p=1 C.)
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Since the external supply of household goods and services are not sufficient, the household is obliged
to fill their deficiencies, which effort drives the market value of the marginal product of family labor

below the market wage rate w, while its counterparts are equal to the market wage rate in other
sectors. Thus, the differential in wage rate arises between the household and other sectors. Further-

more, relations ( ) and () combine to imply for interior solutions that

pU,()/U,()<p'U,()/U, =w, p=1 ()

Thus, it turns out that such heavy input of family labor is made possible by the extremely low supply
price of labor PU,()/U, ("), which is lower than the market wage rate. In other words, the household
members want these goods and services so keenly that they are prepared to sacrifice any leisure suf-
ficient to secure them. If it is possible to reduce employment of labor in the household sector and di-
vert some to the government sector, the increase in its supply of these goods and services will more
than offset the corresponding decrease in their supply by the household sector since the marginal
product of government labor is greater than that of household labor. Hence, the level of household wel-

fare will be raised.

BEHAVIOR OF THE ECONOMY THAT NECESSITIES THE “SOCIOSTRUC-
TURAL OVERWORK”

Now the behavior of this economy over aggregate fluctuations will be examined to better under-
stand implications of the “sociostructural overwork” within the household sector. Since investment is
autonomous, we can change it artificially to generate aggregate fluctuations via its multiplier effect.
Responses of each sector to aggregate fluctuations will be examined by means of the comparative stat-
ics analysis of the system of inequalities ( )~( ) for interior solutions in which their equalities hold.

The associated comparative statics analysis is described compactly in the matrix expression ().

[0 0 G, 0 0 -m 0 0 0 0 [dr] [dr]
0 0 -n -1 -m 0 -m 0 0 0 dw 0
G, -1 1G, 0 0 0 0 0 0 0 [am| |0
o -1 0 H, 0 0 0 0 0 0 [daN| |0
0 -1 0 0 pF, pE, O 0 0 F [dL| [0
1 0 0 0 pE pE, 0 0 o E |da&||o| ¢
0 -x 0 0 0 0 U, U, -w 0 [de| |0
0 0 0 0 0 0 U, U, -p -A|dq| |0
-mK mL, 0 ApH, 0 0 -mw -mp 0 0 da 0
| o 0 0 H mE mE 0 -m 0 0 Jdp| o]

L,=T-L-e;p=1, p'=p(1-v/A). Ap=p" —-p

The Jacobian determinant A formed by the coefficients of structural variables on its left hand side
proves to be negative as shown in Supplement and makes it possible to solve these equalities

uniquely for the structural variables. To give an overview of their solutions, results for major variables



will be briefly reviewed.

) Employment and Qutput
a) The firm and the government sectors
dM AL oL

KA=_mH11 or C_mnw(M)MGunw(N)NHua—HSC

oL
-mn,, (M)MG,, ESC +n,, M)MG,,C(<)0,

%mo ()

0Z X
A(<)0, C>0; Z)=——,X=w;Z=M, N
< Nx(2) X Z

dy, d dM
22 ="GM)=G, —(>)0
TR ™M) ldI() ¢ .)
dN oL dN
EA=—nnw(M)MGuC—ern?SC@)O, E(>)O ¢ )
dy, d dN
=22 = —H(N)=H, —(>)0
a a0 =H ) ()

Here, C denotes the bordered Hessian determinant associated with the comparative statics analy-
sis of the optimal choice of each household, which is described by the system of inequalities ( ),

( )~( ), and proves to be positive as shown in Supplement .

b) The household sector

dL oL oL
EA:_nnw(M)MGuT\w(N)NHnﬁc_nw(M)MGangc
oL 0*(L,e)
—(rG“+nH”)EC—mrr]w(N)NH“G“ oroH C
0*(L,e) dL
-mrG, H,, orow C(>)o, E(<)O « .)
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(il_II(A =-nn, M)MG, n,(N)NH,, Z—EC -m, (M)MG, H,, %(C
-G, —nH”)%(C -mrG; n, (N)NH,, %C
-mrG, H,, %C@)O, (ii_ll((<)0

% = %F(L,K) =F, %+F2 ‘Z—II((<)0

Here, the expression 0*(L,e)C/0ordH is formed out of the bordered Hessian determinant C, by

replacing the two columns corresponding to dL and de respectively by the two columns representing

the coefficients of dr and dH respectively on the right hand side of (S ) below in Supplement

represents the effect of combined changes in the price r of firm output and in the supply H of house-

hold goods and services by the government on the combination of the household employment and
leisure. 0°(L,e)/drdw is similarly formed. Furthermore, 0°(Ls,K)C/0r0H denotes the sum of

0°(-L,K)C/éroH and 8°(—e,K)C/oroH. 8°(Lg,K)C/ordw is also similarly formed.

) Prices, Wage Rates, and Internal Prices and Rates

dr oL
EA =—(1G,, +nH,;)C+mrGn, (N)NH,, a_HSC

oL dr
+mrG,, —C(>)0,—(<)0
v >) dI( )
dw oL dw
EA:—m‘]w(M)MGuH“C+mIG“H“?SC(>)0, E(<)0

*

P A 06, P congH P oG, +nH,)PC
dI oH ow or

2, * 2, *
_erna el g L@ ,Ls)C(>)0’
orow

or6H 117711

dp*
— ()0
dI()



d dL dK
= pF(L,K)=F,—+F, —(>)0, p=1 )
aP \(L,K)=FE, ar e dI() p )

From relation ( ) for interior solutions in which its equality holds, Inr+InG;(M)=Inw,, hence

ldr 1 dM 1dw 1 dM
—~+=Gu—=—— =G, — (0
rdl G, dl wd G dI

ddry1dw, 1$ Ld_w
..rdl( o T % (<0

_ldr
rdl

‘( )’wﬁ )

Furthermore, from relation ( ) for interior solutions in which its equality holds, Inp +InF,(L,K)=Inw,

hence
1dp" 1 dL dK) 1 dw dL dK
- P _[ n ot 12_j_——( )0, F,—+E,—(>)0
p dl EF dI d1 dI dI
1dp° 1dw |1 dp’ 1 dw
S *l(>)‘ —‘ ()
p dI  wdl dI w dl
Therefore,
1dp 1 dw 1 dp
= =1 .
’ ’( )rdI’( )‘w i ‘( )‘p P «.)

Since the market value of the marginal product of labor represents a reward to the labor em-
ployed, that of household labor pFi(-) may be used for its wage rate. Then, the difference w-pFi("),
p= measures the wage differential between the household and other sectors.

dL dK dL

dK
E_F12E(<)O9 F11_+F12E(>)0 ( . )

d dw
—(Ww-F(L,K))=—-F,
dl(w W ( ) an dl

) Consumption, Labor Supply and Household Welfare

d 0 0
L A=, MOMG,n, (NINH,, Z2.C ~nm, (MMG, H,, 1.

0 (Ls.a)

o
-G, _nHu)qu -mrG,m, (N)NH,, oroH



Yoshihiro MARUYAMA and Kaori OHMORI: Behavior of the Economy that Necessitates Household Work

—ernHuaza(rLi;v;q)Ck)O, (ji—cll(>)0 )
%A=—nnW(M)MG”nW(N)NHuS—IZC—nnW(M)MG“HH%C
-G, +nH“)%C+er“nw(N)NH” az(Lﬁe)c,
+mrG, H,, 6;;‘:) C(<)0, %(>)0 ()
mg=mi(T—e)=md—L+n@+@(<)0 « .)
dI dI dI dl dI
%A=—nnw(M)MG”nw(N)NHH%C—nnw(M)MG“HH%C
-Gy, +11H“)%C+er“11w(N)NH11 %C
+mrG, H;, —-1G,, %C~»—m1rGlmw(N)NH11 %C
+erUHH%C(>)O, %(<)O )

Since leisure, and goods and services are normal, full consumption Z of the household is equal to

its full income y (Becker, ).
Z=we+p'q=m,+wlT=y

Furthermore, relations ( ) and ( ) above imply for interior solutions in which their equalities hold that

LOW _dW _

. A>0
dZ dy



From relation (. )

d(dw) d(dw) dr
A AR A
dildz ) dil dy ) dI

Thus in case the household welfare W is concave,

2 2
d—VZV:d—\lV<O and d—Z:d—y(>)0 ( .)
dz dy dl dI

AW _dW dz_aw dy

dl dz dI dy a P )

EXAMINATION OF THE BEHAVIOR OF THE ECONOMY THAT NECESSITATES
THE “SOCIOSTRUCTURAL OVERWORK”

In relations ( ) and ( )~( ) above specifying the optimal household choice, relations ( ) and ( )
directly associated with the organization of household production share the internal price p* of house-
hold goods and services with relations ( ) and ( ) directly associated with the choice of household
consumption. Thus, these relations are indecomposable (e.g., Maruyama, ; Singh, Squire and
Strauss, ) in the sense that the household production and consumption are to be jointly deter-
mined. The indecomposability of its optimal choice has several significant effects on its comparative
statics analysis. Both the “internal price effects” (Sonoda and Maruyama, and ) and the in-
come effects inherent to its consumption choice creep into the determination of production organiza-
tion so as to make the sign of the responses of many structural variables indeterminate. However, in
case all economic units are competitive with no residual profits imputed and their technology (welfare
functions) are of the Cobb-Douglas type, many of these indeterminacies are resolved as shown in Sup-
plements and . Several inequalities are parenthesized in the preceding section to show that such
cases are addressed. It may be more enlightening to limit our examination to such cases hereafter.

Employment and output of the firm and the government sectors are procyclical in the sense that
they fluctuate in accordance with the fluctuations of aggregate demand that are artificially generated
by the changes in investment as shown in relations (. )~( . ). Itis noteworthy that output of the
government sector expands, the demand for which is not increased directly by the rise in investment.
This can be seen as follows. As investment rises, output therefore employment of firms increases,
which in turn raises the wage income of households due to relation ( ) pF,(-) < w. Increased income
then enable them to satisfy their intended demand for household goods and services supplied by the
government sector. This is what actually has resulted. On the other hand, both employment of labor
and other inputs of households decrease as aggregate demand expands. Since both labor and other in-
puts are underemployed as shown in relations ( . ) and ( . ) above, households have easily lost in
the demand for them to investment and other sectors. Hence their output decreases as well, which in

turn expands their demand for goods and services supplied by the government sector. Whereas, all
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these variables increase as aggregate demand contracts due to fall in investment as shown in relations
( .)~(C .).Thus, they are countercyclical.

As aggregate demand expands, both the price of firm output and the wage rate fall relative to the
market price of household goods and services that are chosen as numeraire. The magnitude of fall in
the latter proves to be greater than that in the former as shown in relations ( . )~( . ). However,
since the choice of numeraire is arbitrary, this result may be thought of as indicating that the prices of
other goods and services rise relative to that of labor, whose supply price is lower than the market
wage rate as shown in relation (). On the other hand, the market value of the marginal product of
household labor rises, though it is lower than the market wage rate as shown inrelation ( . ). Thisis
mainly because the employment of household labor is reduced, which so far has been underemployed
as shown in relation (. ) above. Furthermore, the intemal price of household goods and services
falls, though it is higher than its market counterpart, since the increase in their external supply from
the government sector outweighs the decrease in their supply within the household so as to enable
their members to consume more of them as shown in relation ( . ) below. Thus, the price (wage) dif-
ferentials of the two within and without the household contract as aggregate demand expands, which
in effect indicates that a better allocation of resources has been achieved as shown in relations (. )
and (. ).

Both leisure and consumption of goods and services increase as aggregate demand expands as
shown in relations (. )and ( . ). They have been made possible by increased wage income due to
expanded employment in other sectors. Households take advantage of their increased purchasing
power in consumption of leisure as well as of goods and services. Thus, both the overwork of house-
hold members and the shortage of goods and services within the household are alleviated, which are
summarized in the increased level of household welfare in case it is a concave function of leisure, and
goods and services an shown in relations (. )~( . ). The higher Pareto efficiency is achieved due
to a better allocation of labor among relevant sectors. It is a matter of course that responses of the
structural variables are made in the other direction in case aggregate demand contracts. Finally, it is to
be noted that the “sociostructural overwork” has some aspects closely connected with aggregate fluc-
tuations, since it is alleviated during aggregate expansion while it is aggravated during aggregate con-

traction.

CONCLUSION

The household sector is incontrovertibly large. It employs % and % of the respective work-
ing age population in Japan and the United State. Household expenditures for consumer services and
nondurables constitute % and % of respective GDP. Furthermore, household investment (e.g.,
Eisner, ; Greenwood and Hercowitz, ) in the form of consumer durables and semidurables,
residential investment, household equipment and structures exceeds firm investment in equipment
and structures in the two countries in recent years. Its output of goods and services is estimated to
amount to % of firm output in the United States. Similar estimates have been made by the Yoka Kai-

hatsu Center ( ) in Japan.



Not all household goods and services are produced within the household, but are supplemented
by extemal supplies from firms and the public sectors including such informal ones as neighboring
communities. As the economy develops, it becomes industrialized and urbanized. Furthermore, the
population tends to be aging with the nuclear families more numerous than the multigenerational
ones. All these developments combine to have made it more difficult for some households to ade-
quately procure household goods and services needed by their members. Hence, these households are
obliged to produce within the household whatever amount of them needed by their members in excess
of external supplies. Thus they are obliged to work so hard as to lower the value of marginal product
of their labor below the market wage rate. They are simply overworked. This type of overwork cannot
naturally be alleviated by reducing aggregate demand therefore aggregate employment, hence it may
be conveniently referred to as the “sociostructural overwork” (Maruyama, and ).

A simple model of such an economy as necessitates the “sociostructural overwork” is formulated
and analyzed to see its behavior over aggregate fluctuations which are artificially generated by
changes in autonomous investment. Responses of the household sector involve many indetermina-
cies, in which their production organization and consumption choice are indecomposable (Maruyama,

; Singh, Squire and Strauss, ). Nonetheless, the specification of the production and welfare
functions of the Cobb-Douglas type resolves most of these indeterminacies. Employment and output
of the firm and public sectors are procyclical in the sense they fluctuate in accordance with aggregate
fluctuations. As aggregate demand expands, both employment and output of these sectors expand.
Hence, both goods and services directly consumed by household members and those put into their
production are increased. Furthermore, employment by these sectors expands, which increases the
wage income earned by the households to enable them to procure more of goods and services pro-
duced by these sectors. On the other hand, both employment of labor and other inputs by households
contract. So naturally does their output. Thus, their overwork is alleviated and their demand for goods
and services produced by other sectors is increased, which in turn is to be satisfied thanks to their in-
creased wage income.

The differentials both in the price of household goods and services and in the wage rate (the mar-
ket value of marginal product of labor) within and without the households are narrowed, which implies
a better allocation of labor, and goods and services. Consumption of household goods and services ex-
pands, which is made possible by the increases both in their external supply and in the wage income
earned by the households. Their consumption of leisure expands as well since the decrease in the
household employment outweighs the corresponding increase in the wage employment by other sec-
tors. Hence, the household welfare is enhanced, which is an increasing function of the consumption of
leisure, and goods and services. The higher Pareto efficiency realized in this phase of aggregate fluc-
tuations is due to a better allocation of labor, and goods and services which is reflected in the narrowed
differentials in the price and wage rate within and without the households. After all these examina-
tions, it turns out that the sociostructural overwork within the household is not alleviated by the con-
traction but by the expansion of aggregate demand therefore aggregate employment. In this sense the

degree of “sociostructural overwork” is countercyclical.
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Supplement
—p‘Fu p'E, 0 0 0 F TaL] [ o 0 -1
pF, pE, 0 0 0 F, |dk o -1 0 |
0 0 U U -w 0 de 0 0 -\
) N . = dr S)
0 0 Uy Uy, -Pp -A || dq 0 0 0 dw
0 0 -mw -mp 0 0 [an| | Ap -mK mLg |
| mF,  mF, 0 -m 0 0 Jdp'] [ 1 0 0 |
p =p(-v/A), Ap=p -p; Ly=T-L-e
Supplement
A=DG1A13—mA16=nG1d—MA—m§A(<)O )
dl dl
Supplement
L
C;—If =-mn, (MMG,,C -mrG,, %C(qo; A(<)0,C>0

The right hand side of this equation is divided into three groups of terms to facilitate its evalua-

tion.
() -, (M)MG,,C = -nGm’p” {Fz (E,E, -EE,)) -E(EFE, - Flez)}(p‘Uu -wUy)
+ nGlmzp*w{Fz (EE, —EE,) -E(EF, -EF,)}(p'U,, ~wU,,)

-nGm’p”w’[FA <0, |F=FF,-F,F, >0

oL - .
@) eruEC = m3rGllFlF2 {p (p U, —wUy)—w(p U, — WUzz)}(> 0)

- m3I‘G11Kp'(F2F12 _Flez)(P‘Uu -wU,)(<0)><0

68 * *
() mrG,, EC = —mng”Kp {Fz (EF, -EE,)) -EK(EFE, - Flez)}(p U, —wUy,)(< 0)

+m’rG, Kpw|FA(< 0) + m’1G,,p *WE,F A(> 0) >< 0

The first group of terms proves to be negative owing both to the normality of leisure, and house-
hold goods and services and to the concavity of household production functions. The first two positive
terms of the second group are more than offset by the first two negative terms of the first group in
case both households and firms are competitive and their technologies are of the Cobb-Douglas type:
F(LK)=aL°K?, oa+B<1; G(M)=a*M*", a’<1. For instance, evaluate the sum S of the first terms of



these two groups.
S =m’p'r{-nG, (F,F, -EF,)+mG,FF, }(P*Un -wUy)
Put the expression in the brace as S’, then

S* = _—IlGl EF, -EF, + mG,, KF, MG11K|F|
MGy, K[| MG, KIF|

For the Cobb-Douglas production functions, S is rewritten as follows,

* n -1 Lo L
[1-a"1-a-B Ml-a-B

]MGHK|F| >0

which is commonly evaluated to be positive in the present day economy, where mL is nearly equal to
nM. Then, S proves to be negative since mzp*r(p*Ull-wU21)<0. Similarly, so does the sum of the sec-
ond terms of these groups.

There is another positive term at the end of the third group. Make the sum S of this term and the
final term of the first group.

2% }L{_HGI @_‘_ern EE,

SEMP YMNG, KIH T MG, K }MG“K|F|

The expression S’ in the brace is rewritten for the Cobb-Douglas production functions as follows,

. nw mr(l-o) nwM(l— o —B) —-mrK(1-a)(1-a) 50

S T UCa K Mi-a-p) KM(1— o )(1- 0 —P)

s

which is commonly evaluated to be positive from inequality ( ) above in the second section and
the competitiveness of firms so that nwM=mrK+rl. Then, S proves to be negative since
m*p ?wAMG | K|F|<0. Thus, so does the sum of all terms of the three groups since all other terms re-
main to be negative. Hence, dN/dI proves to be positive since A(<) .

Supplement
dL oL oL
EA =-mw(M)MG,ny, (N)NH, 6_HC -Nw(MMG, H,; ow C

oL 0*(L,e)
+(rG“+nH”)EC—mrnW(N)NH”Gll s C
8> (L,e)
+mrG, H 2 C(>)0; A<)0, C>0
mrG,, i, orow >) (9]

The right hand side of this equation is divided into six groups of terms to facilitate its evaluation.
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oL
() —my (M)MG,ny, (N)NH,, ac
= _mnGlHlp*(FZFIZ _Flez){(P*Un -wU,,) - W(P’Ulz - WUzz)}> 0
oL
() —ny(MMG, H,, gc
=-nGH, 1m2F22{P‘(p‘U11 -wU,)— W(p‘UIZ - WUzz)}(< 0)

- nGlHllmzp*ZWFZFIZ}“ + nGlHumstP*(FzFlz - Flez)(P*Un =wUy)(>0)><0

aL * * *.
() 1Gy, EC = rGuszle{P (PU,-wU,)-wpU, _WUzz)}(> 0)

+ rGumZP*WFw}L - rGllmzKp‘(FZFIZ -EF, )(P*Uu -wU,)(<0)><0

6L * * *.
() nH,;, EC = anmZFle{P (pU,-wU,)-w(pU, _WUzz)}(> 0)

+ anmzp‘wzFlz}" - anmZKP‘ (EE, —EE, )(P‘Un -wU,)(<0)><0

8*(L,e . .
( H) C= _merllHl {ApFle(p U,-wUy)-p WFu}"}(> 0)

() —mrny (N)NH,,G,,

+ merquKP‘(FzFlz -EE, )(P’Ulz -wUy)(<0)><0

*(L,e)
orow

() mrG, Hy, C=

- mSIGuHuKP‘ZFan}"(< 0)- meranKFz2 (p‘UIZ -wUy,)(>0)
+ m3rG”H“LSp*wF12}»(> 0)- meranLsFle (p‘UIZ -wUy,)(<0)><0
There are twelve positive terms and nine negative terms in all. Two negative terms of the second

group turn out to more than offset respectively by the corresponding two positive terms of the third

group. Make the sum S of the respective first terms of these groups.
S =m’p'F, {_ nG,HF, +1G;F }(P*Un -wUy,)

Then, the expression S in the brace will be rewritten as follows.

5 {—nGl H.F, , 16, F

= MG, -NH,,
MG,, H,N MG, H;N

{—nGll+i H, }rMGllNHH

MG, N M NH,, P



due to relations ( ), ( ) and ( ) above in the second section for interior solutions in which they
hold in equality. For the production functions of the Cobb-Douglas type: G(M)=a'M*"
H(N):a**Na**

o<1 and

El

, o<1, S"is evaluated as follows.

. {_ nM N MG, NH,,
( b

* + % *
a —)NM (o -1)MN P

which commonly proves to be negative in the present day economy, where nM>N and o =a"". Then
S proves to be positive, since (0 Up-wUy)<0, Similarly, so does the sum of the respective second
terms of these groups.

Then, the third term of the third group which is negative is just offset by the second term of the
fifth group, so is the third term of the fourth group by the third term of the second group due to rela-
tions ( ), ( ) and ( ) above in the second section for interior solutions. The final term of the third
group which is negative is more than offset by the corresponding term of the second group. Make the

sum S of these two terms.
$=m’{nG H, Ls -1G, K}p"(EF, ~EF,,)(p'U,, -wU,,)

The expression S’ in the brace is rewritten as follows.

s H1=W

g ={ nG, H,mwL, mKG, H, }MGMNHll
MG, H,N MG, H,N|] mw
For the Cobb-Douglas production functions S is evaluated in the following way.

+_ mwMmL;  mrK-N <
(@"-DNM (o™ —1)NM

which commonly proves to be negative in the present day economy in case firms are competitive, so
that nwM>mrK, mLs=nM+N>N and o"=a"" due to relations ( ), ( ) and ( ) above in the second sec-
tion for interior solutions. Hence, so does S since m?p"(F2F12-F1F2,)(p U11-wUs;)<0.

Now the final term of the fourth group which is negative is just offset by the first term of the
same group, which can been seen as follows. Make the sum S of these two terms.

S= mann {Fle -K(F,F, - Flez)}pt(p*Un -wU,)

The expression S” in the brace is rewritten as

* {Fle _ K(FzFu _Flez)}LlF , |F’ = F“F22 _F12F21 >0 ,

L LIF|

which proves to vanish for the Cobb-Douglas technology, since

s“={ kK ___K }L|F|=0.
1-o-B 1-a-B

The final term of the fifth group which is negative is more than offset by the second term of the first
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group. Make the sum S of these two terms.
S =mH, {nG,w +mrG, K}p'(F,F,, ~EE,)(p"U,, -wU,,)

The expression S in the brace is rewritten as

g = nG1w+mrKGn MG,
MG,, MG,

which is evaluated to be positive for the Cobb-Douglas technology

. _{ nwM_ mrK(a’ —1)

- - MG,, >0,
(a -DM  M(a -1)

since nwM>mrK in case firms are competitive. Hence S proves to be positive since
m’nHyp (p Uy-wUz1)>0.
The first term of the final group which is negative is more than offset by the third term of the

same group,which can be seen as follows. Make the sum S of these two terms.

S=m’tG,H, | Kp'EE, +LwF, jp'A

= erGuHu{_ KFE,F, + LsFF, }I’,q;L p*Fl =W

The expression S in the brace is rewritten as

* ={_ KEF, + LEF,

KL‘F| LK‘F| }KL|F| > |F| =F,F,, -F,F,,

which is evaluated for the Cobb-Douglas technology in the following way.

s*:{— L }KL]F\.
K(l-a-B) Ld-a-Pp)

Thus, S* commonly proves to be positive in the present day economy where Ly >L and o>pB. Hence

S in turn proves to be positive since m’rG;Hyp A>0.
Finally the third term of the final group which is negative is more than offset by the second term
of the fourth group. Make the sum S of these two terms.

S =-m’H, EF, {nw + mrG, L }J(p Uy, —wU,).
The expression S” in the brace is rewritten as

. {anl , Gy, L

S = MG“yrGlzws
MG, MG,

which is evaluated for the Cobb-Douglas technology in the following way.

0.

1@ -M Mo —1)

. an-mrK+mrK-mes(a'—1) MGy,
mwK



Thus, S* commonly proves to be positive in the present day economy, where an>mes(1—oL*). So
does S since —m?H;F 1F2(p*U12-wU22)>0. After all these offsetting operations, three positive terms,
L.e., the first terms of the first and the fifth groups, and the second term of the final group remain.
Hence, it has been shown that dL/dI proves to be negative since A(<) .
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