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Relationships between four properties of topological
spaces and perfectness of generalized ordered spaces

Masami HOSOBUCHI

Abstract

In this paper, we investigate relationships between four properties of topological
spaces that were defined by H. R. Bennett, D. J. Lutzer and S. D. Purisch in [BLP].
Among their results is a theorem: A GO-space that has a o -closed discrete dense
subset has a dense metrizable subspace. We can generalize this as follows: A first-
countable, collectionwise Hausdorff, regular space has a dense metrizable subspace.
Furthermore, we state a theorem concerning perfectness of generalized ordered

spaces.
Key words :Properties I, II, III and IV, relatively discrete, collectionwise Hausdorff,
GO-space, Fg-subset, perfect.

1. Four properties

The following definitions were given in [BLP].

Definition 1. A topological space X is said to have Property I if and only if there exists a o -
closed discrete dense subset D of X, thatis, D =0 {D(xn) : w0 N} is a dense subset of X such that
D (n) is a closed discrete subset of X. N denotes the set of natural numbers.

Definition 2. A topological space X is said to have Property II if and only if there is a dense
metrizable subspace of X.

Definition 3. A topological space X is said to have Property III if and only if, for each »O N,
there are an open subset U(n) of X and a relatively closed discrete subset D (#) of U(n) such that,
for a point p and an open subset G of X that contains p, there exists an 0 N such that p0 U(zn)
and Gn D(n) # @ (seealso [BL2], [H]).
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Definition 4. A topological space X is said to have Property IV if and only if there exists a o -
relatively discrete dense subset D of X, thatis, D = 0 {D(n) : 0 N} is a dense subset of X such

that D (») is a relatively discrete subspace. “Relatively discrete” means “discrete as a subspace”.
We begin this section by showing the following proposition (see also [BLP]).

Proposition 1. For any topological space, Property I implies Property III. Property II implies
Property IV. Property I1I implies Property IV.

Proof. We show that Property I implies Property III. Let X be a topological space having
Property I. Let D = 0 D () be a o-closed discrete dense subset D of X. Let U(n) = X for every n [
N. Then {U(n), D(n) : 0O N} witnesses Property III. To see this, let G be an open subset of X
containing . Since D is a dense subset of X, G n D # @ Hence Gn D(n) # ¢for some n[J N.
Since U(n) = X, p0 U(n). We show that Property II implies Property IV. Let D be a dense
metrizable subspace of X. Since every metrizable space has a o-discrete base [E, p.281], D hasa o
-discrete base B =0 {B(n) : n0 NI such that B(z) is a discrete family in D for each » 0 N. Fix n
O N. For every element B of B(n), take a point d(B) 0 B. Then it is clear that D (n) ={d(B) : BO
B(n)! is arelatively discrete subset of D. We show that D' = 0 {D(n) : 0 N} is a dense subset of
D. To see this, let G be an open neighborhood of d in D. Since B= 0 {B(n) : #0 N} is a base for
D, there exist an 0 N and an element BO B(n) such that d0 BO G. Since d(B)0 B, d(B)O
D(n)n G by the definition of D(n). Hence D'n G # ¢ Since D is a dense subset of X, so is D".
Therefore, D’ = 0 {D(n) : n0 N} is a o -relatively discrete dense subset of X. We show that
Property III implies Property IV. Let {U(n), D(n): nO0 N} be a family of open subsets and
relatively closed subsets which is guaranteed in the definition of Property III. Then it is easy to see
that D=0 {D(n) : n0 N} is a o-relatively discrete dense subset of X. This completes the proof.

2. A sufficient condition for which Property I implies Property 11

In [BLP], H. R. Bennett, D. J. Lutzer and S. D. Purisch proved that a GO-space having Property
I has Property II. We can generalize it as Theorems 1 and 2 below. The topological space that
appears in Theorem 1 is not assumed to be a GO-space, but we need to assume that the space is

regular, first-countable and collectionwise Hausdorff.

Definition 5. A linearly ordered topological space (X, A, <) is a linearly ordered set (X, <) with
an interval topology A. A basic open set in the interval topology is an open interval ]a, b[, where a,
b are points of X and]a, o[ ={x0 X : a < x < bl . A GO-space or a generalized ordered space is a

subspace of a linearly ordered topological space.

Definition 6. A topological space X is called collecionwise Hausdorff if and only if, for any
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closed discrete subset E of X, there exists a family W ={W(e) : ed E} of open subsets of X such
that e W(e) and Wis discrete in X, where W is discrete in X if and only if for any ¥ X, there
exists a neighborhood V(x) of ¥ such that # {W(e) : V(x)n W(e) # ¢! O 1.

Theorem 1. Let X be a regular space having Property I. If X is first-countable and collectionwise
Hausdorff, then X has Property II.

Proof. Let D =0 {D(n) : 0 N} be a o-closed discrete dense subset of X, where D (x) is a
closed discrete subset of X for each »[ N. Since X is collectionwise Hausdorff, there exists a
discrete family W(n) ={W(d ; n) : d0 D(n)} of open subsets of X for each 0 N such that 40
W(d ; n). Let d0O D(n). Since X is first-countable, there exists a countable neighborhood base
{Ud;n,m):mON atd. Let V(d;n, m) =U(d;n, m)n W(d;n). Then V(d ; n, m) is an open
neighborhood of d and is contained in W(d ; n). Let B(n, m) ={V(d ; n, m)n D :d0 D(n)}. Then
B(n, m) is a discrete family in D. To see this, it is enough to note that {W(d ; #) : d0 D(n)} is a
discrete family in X and V(d ; #, m)n DO W(d ; n). We show that B=00 |B(n, m) :n0 N, mO
N} is a base for D. Let d0 D and G be an open subset of D that contains d. Then d0 D (n) for
some #0 N and there is an open subset G’ of X such that G'n D = G. Since {U(d ; n, m) : mO N|
is a countable neighborhood base at d, there exists an # 0 N such that U(d ; #, m) 0 G'. Hence
Vid;n,mnD=U(d;n,m)n Wd;n)n DO U ;n m)n DO G n D =G. Therefore, D has a
o - discrete base. By Bing Metrization Theorem [E, p.282], D is metrizable. Hence X has Property
II. This completes the proof.

In [BLP], they used a concept “semistratifiable” to show that a GO-space having Property I has
Property II. We see that the result (Theorem 2, below) can be shown directly and is obtained as a
corollary to Theorem 1. Hence Theorem 1 is a generalization of the following theorem proved in
[BLP].

Theorem 2 [BLP]. A GO-space X with Property I has Property II.

Proof. We prove this theorem by making use of Theorem 1. It is sufficient to show that X is
regular, first-countable and collectionwise Hausdorff by virtue of Theorem 1. Since a GO-space is
collectionwise normal, it is clear that X is regular and collectionwise Hausdorff. Hence it is enough
to prove that X is first-countable. Let p 0 X. Suppose that X is not first-countable at p. First we
assume that [p, — [ is not an open set of X. Let k be the cofinality of the set ] —, p[. Then we can
take a strictly increasing net {x(ar ) : a <k} O ] —, p[ that converges to p. If k is countable, then it
is clear that there exists a strictly increasing sequence {x(z) : 0 N} in | —, p[ that converges to
p. We assume that k is uncountable. Since X has Property I, there exists a o-closed discrete dense
subset D=0 {D(n) : w0 N} of X. For each o < k , there is a pointd0 ] —, p[ n D such thatx(a )
< d since ]x(a ), pl is a non-empty open set of X and since D is a dense subset of X. Since d
belongs to D (#) for some n0 N, we writed=d(n(a ), o). Since « is uncountable, there exists an
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uncountable cofinal subset A0 k and an w0 N such that »(a ) = m for every a 0 A. Then
{d(m, a) : a0 Al is asubset of D(m) that converges to p. This is a contradiction because D (m)
is a closed discrete subset of X. Hence there exists a strictly increasing sequence {x(zn): #0 N|
that converges to p. If ] —, p] is not open in X, then we can take a strictly decreasing
sequence {y(n) : O N} in ]p, — [ which converges to p by a parallel discussion to the above
arguments. There are four cases to consider.

Case 1. Neither [p, — [ nor ] —, p] are open in X. Then a collection {1x(n), y(n) [ : nO N | is a
countable neighborhood base at p.

Case 2. [p, — [ is not open in X, but ] —, p] is open in X. Then a family {1x(n), p] : nO N} is a
countable neighborhood base at p.

Case 3. [p, - [isopenin X, but ] —, p] is not open in X. Then a collection {[p, y(#) [ : nO N} isa
countable neighborhood base at p.

Case 4. Both [p, - [ and ] —, p] are open in X. Then {p! is open in X.

Hence X is first-countable. This completes the proof.

3. Converse questions

In this section, we consider topological spaces that have Property IV, that is, spaces that have o
- relatively discrete dense subsets. When do such spaces have other three properties defined in the
first section?

Definition 7. A topological space X is perfect if every open subset of X is an F,-subset of X. An
Fs-subset of X is a union of countably many closed subsets of X.

In [BLP], it was proved that all four properties defined in Section 1 are equivalent for perfect
GO-spaces. The following is pointed out in [BLP] without proof.

Proposition 2. Let X be a topological space having Property IV. If X is perfect, then X has Property 1.

Proof. Let X be a perfect topological space having Property IV. Let D =0 {D(n) : n0 N} be a
o - relatively discrete dense subset of X, where D is a dense subset and D (%) is relatively discrete
for every n0 N. Fix n0 N. For each d0 D(n), we choose a neighborhood W(d, #) of d such that
W(d, n)n D(n) =1{d} . Let W(n) =0 {W(d, #) :d0 D(n)! . Since X is perfect and W (%) is an open
subset of X, W(z) is expressed as W(n) =0 {F(n, m) : mO N |, where F(n, m) is a closed subset
of X for every mO N. Let D(n, m) = F(n, m)n D(n). Then D(n, m) is a closed discrete subset of
X. It is clear that D (n, m) is relatively discrete since D(n, m)0 D(n). To see that D(n, m) is
closed in X, let p00 X - D(n, m). If p does not belong to F(n, m), then there exists a neighborhood
V(p) of p such that V(p) n F(n, m) = gsince F(n, m) is closed in X. It is clear that V(n) n D (n, m)
= @since D(n, m) O F(n, m). Suppose that p00 F(n, m) - D(n, m). Since p0 F(n, m) 0 W(n) =
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O (W(d, ») :d0 D(n)}, there exists a point 00 D (n) such that p00 W(d, n). Then p # d. To see
this, suppose that p = d. Since p0 F(n, m) and d0 D(n), p0 D (n, m). But, this is a contrdiction
because p does not belong to D (n, m). Hence W(d, n) -{d! is a neighborhood of p. It is obvious
that (W(d, n) -1dl )n D(n, m) = @since (W(d, n) -1d})n D(n) = @. Therefore, D(n, m) is a
closed subset of X. It is easy to see that D=0 0 {D(n, m) :n0 N,mO N}.Hence D is a o- closed
discrete dense subset of X and hence X has Property L.

Corollary 1. Let X be a perfect, regular space having Property IV. If X is first-countable and
collectionwise Hausdorff, then X has a dense metrizable subspace.

Proof. By Proposition 2, X has Property I. Hence X has Property II by virtue of Theorem 1.
Property Il means the existence of a dense metrizable subspace of X.

4. Perfectness of GO-spaces

In this section, we state a theorem concerning perfectness of a GO-space and its dense
subspace which was obtained in [BHL]. As its proof invoked a lemma : A GO-space X is perfect if
and only if every relatively discrete subset of X is an Fs-subset of X, we give a direct proof of the
theorem in this paper. At the same time, we state results in its generalized forms. This clarifies the
differences between two proofs. We begin by showing the following lemma.

Lemma 1. Let X be an arbitrary topological space. Let\{U(a ) : a < k| be a collection of open
subsets of Xand Z=\2(a ) : a< k| a subset of X such that z(a )0 Ula ). IfUla )n Z={z(a )| and
U=0 {U(a) :a<kl isan Fs-subset of X, then Z= {z(a ) : a< k| is an Fs- subset of X.

Proof. Since Uis an Fy-subset of X, U= 0 {F(n) : n0 N}, where F(n) is closed in X. Set Z(n)
=F(n)n Z. Then Z(»n) O F(n)O U. To show that Z(#n) is closed in X, let ¥ be a point of X that does
not belong to Z(n). Suppose that ¥ does not belong to F(%). Then there exists a neighborhood
V(x) of x such that V(x) n F(n) = @since F(n) is closed in X. Hence V(x) n Z(n) = gsince Z(n) O
F(n).Ifx0 F(n) - Z(n), then there exists a < k such that x0 U(a ) since U=0 {F(n) : n0 NI =
O {Ula) :a<k}.Since, as is easily seen, x# z(a) and Ula )n Z=1{z(a)}, it follows that U(a )
-{z(a)! is a neighborhood of x and (U(a ) -{z(a)l)n Z(n) = @.Itis obvious that Z=0 {Z(n) :
n0 N} . Hence Zis an F-subset of X.

Corollary 2. Suppose that X is a perfect topological space. Every relatively discrete subspace of X
is an Fg-subset of X.

Proof. LetZ=1z(a) : a < k| be arelatively discrete subspace of X. Then, for each a < k , we
can take a neighborhood U(z(a)) of z(a) such that U(z(a))n Z ={z(a)}. Since X is perfect, U =
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O {U(z(a)) : a <k} is an Fy-subset of X. It follows from Lemma 1 that Z is an F,-subset of X.
We need the following two lemmas to show Theorem 3.

Lemma 2. Let Y be a GO-space. If there exists a dense subspace X of Y such that the following
condition is satisfied, then Y is first-countable : Every relatively discrete subspace of X is an Fq -subset
of Y.

Proof. Lety be an arbitrary point of Y. First we consider a half line H = ] —, y] in Y and show
that the first-countability at y in H. If y is not a limit point, that is, if [y, — [ is not open in Y, then
there is nothing to prove. Let y be a limit point of the set ] —, y[ and let « be the cofinality of ] —,
y[. If k is countable, then it is clear that there exists a strictly increasing sequence {x(z)!| in ] —,
y] which converges to y. Suppose that k is uncountable. Since X is dense in Y, there exists a
strictly increasing netfxr(a ) : o< k} inXn ] —,y[ suchthaty=lim{x(a) : a< k|.LetZ={x(a)
: aisisolated in k|, then Z is clearly a relatively discrete subset of X. By the assumption, we can
write Z=0 {Z(n) : n0O NI, where Z(n) is a closed subset of Y. Note that “sup Z(#) = y “ does not
occur for every n0 N. To see this, suppose that sup Z(n,) =y for some n,00 N. Because y does not
belong to Z(n,), then Z(n,) is not closed. This is a contradiction. Let s(#) = sup Z(n), then s(n) <
y. We may assume that s (#) < s(n+1) for each 0 N since Z=0 {Z(») : nO N} and since sup Z =
9. Then y is a limit point of a strictly increasing sequence {s(z) : #0 N} in X. If ] —, y] isopenin Y,
a collection {]s(n), ¥] : 0 NI is a countable neighborhood base at y. If ] —, y] is not open in Y,
then consider the half line[y, — [ . By the parallel observation, there exists a strictly decreasing
sequence {t(n) : n0 N} such that y is its limit point. Then a family {1s(n), t(»)[ : 0O N} is a
countable neighborhood base at y. If [y, — [ is open in Y and ] —, y] is not open in Y, then a
collection {[y, t(#) [ : #O N} is a countable neighborhood base at y. Hence Y'is first-countable.

Lemma 3. Let Y be a GO-space. Assume that there exists a dense subspace X of Y that satisfies the
Jollowing condition : Every relatively discrete subspace of X is an Fg-subset of Y. If ] is a convex subset
of Y, then J is written as =0 |F(n) : n0 N, where
(1) F(n) is closed, convex in Y for each n0 N,

2 F(OODF2)0..0 FWO...

Proof. We may assume that J = ]p, q[, where p and q are limit points of J, because if ] = [p, g
or ]p, q) (or even the case p (or ¢q) is a gap), then the proof is easier than the case J = ]p, q[. If ] =
[p, q], then there is nothing to prove. By Lemma 2, there exist a strictly decreasing sequence {s (%)
: 20 NI in Y which converges to p and a strictly increasing sequence {¢(#) : #0 N} in Y that
converges to g. Then J = O {[s(n), t(n)] : O N} is an expression that satisfies the above
conditions (1) and (2).

Theorem 3. Let Y be a GO-space. If there exists a dense subspace X of Y such that every relatively
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discrete subspace of X is an Fy-subset of Y, then Y is perfect.

Proof. We show that Y'is perfect when X satisfies the condition stated in the theorem. Let U be
an open subset of Y. Since Y is a GO-space, U is expressed as the union of open convex
components {U(a ) : a<k |, thatis, U=0 {U(a) :a<k}.Since Xisdensein Y, U(a ) n Xis not
empty for each a < k. Choose a point z(a )0 U(a )n Xandlet Z= {z(a) : a<k|. Since Zis a
relatively discrete subspace of X, Z is an F,-subset of Y, say Z=0 {Z(n) : n0 N}, where Z(n) is
closed in Y for each #0 N. By Lemma 3, for each a < k we can write U(a ) =0 {C(a,m) : mO
N}, where
(1) C(a, m) is closed, convex in Y for each m 0 N,

(2) Cla,)O0C(a,2)0 ...0Cla,m)D ..,
(3) z(a)O C(a, m) for each mO N.

Let K(n, m) =0 |C(a,m) :z(a )0 Z(n)|. Notice that C(a, m)n C(B, m) = @if a # [ since
Cla, m)D U(a ), C(B, m)O U(B) and U(a )n U(B) = ¢. We show that K(n, m) is a closed
subset of Y. Letx0 Y- K(n, m). If xO U, then x0 U(a ) for some a < k . Suppose that z(a ) does
not belong to Z(n). Then U(a ) is a neighborhood of x such that U(a )n K(n, m) = ¢. If z(a )0
Z(n), then x does not belong to C(a, m) because Z(n)O K(n, m). Therefore, U(a ) - C(a, m) is
a neighborhood of x and satisfies (U(a ) - C(a,m))n K(n, m) = ¢. Now let xO Y- U. Since « is
not in Z(n), there exists a convex open neighborhood W(x) of ¥ such that W(x)n Z(n) = ¢
because Z(n) is closed in Y. Since Yis a GO-space, W(x) does not meet more than two elements
of IC(a,m) :z(a)0 Z(n)l. Then W=W(x) -0 {Cla,m) :z(a)0 Z(n), Wx)n Cla,m) # ¢l
is a neighborhood of x such that W n K(n, m) = ¢. Hence K(n, m) is a closed subset of Y and U =
00 {K(n,m) :n0 N, mO N} is an Fs-subset of Y. Therefore, Y is perfect.

The following is a lemma in [BHL] that was used to show Theorem 3.

Corollary 3. Let X be a GO-space. If every relatively discrete subset of X is an Fg-subset of X, then
X is perfect.

Proof. Itis only necessary to let Y= X in Theorem 3.

Definition 8. Let X = (X, 1, <) be a GO-space, where T is a topology given on X. Let R={x0 X :
[x, - [O1-Al andL={x0 X:] <, x] 0 1- Al (see also Definition 5). A minimal linearly ordered
extension L(X) of X is defined as follows [BHM]: L(X)=(X x {0})0 (R x {-1})0 (Lx {1})
(O Xx {-1,0,1}) is a linearly ordered topological space with a lexicographic order.

Corollary 4. Let X be a GO-space and L(X) be the minimal linearly ordered extension of X. Then

L(X) is perfect if X satisfies the following condition : Every relatively discrete subspace of X is an Fo -
subset of L(X).
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Proof. By the definition of L(X), X is a dense subspace of L (X). The result easily follows from

Theorem 3.

5. Counterexamples

Theorem 3 is not true for a general space Y. That means the assumption that Y'is a GO-space is
needed. See Examples 1 and 2, below. And also it is necessary that the existence of a dense

subspace of Y that satisfies the condition in Theorem 3 as is shown in Example 3 below.

Example 1. Let Y= [0, 1]¢ be the cartesian product of ¢-many copies of the unit interval [0, 1],
where ¢ denotes the cardinality of the set of real numbers. Since Y is separable [E, p.135], there
exists a countable dense subset X of Y. It is clear that X and Y satisfy the condition of Theorem 3.
But, Y is not perfect. To see that, let 0 be a point of ¥ such that 0(¢) = 0 for each t < ¢c. A
neighborhood of 0 is of the form {V(t1)x V(t2)x ..x V(t,)| x N {I(¢;) :iis distinct from 1, 2, ...,
nl, where V(¢;) is a neighborhood of 0 in [0, 1] and I(¢;) = [0, 1]. Hence 0 is not a Gs-subset of Y.
Therefore, Yis not perfect.

This example shows that Lemma 2 can not be generalized to general topological spaces,

because [0, 1]¢is not first-countable.

Example 2. Let Y = B(N) be the Stone-Cech compactification of N, where N denotes the set of
natural numbers. For a completely regular space X, the Stone-Cech compactification of X, B(X), is
defined as follows: Let C(X) denote the set of all continuous functions from X to I = [0, 1]. When f:
X - Ibelongsto C(X), Iisdenoted by I(f). Let F: X — N {I(f) : /O C(X)| be the map defined by
F(x) (f) =f(x), then Fis an embedding. Let B(X)= CIF(X). Then X is a dense subset of B(X). This
is called the Stone-Cech compactification of X. Since N is a countable dense subset of B(N), X = N
and Y = B(N) satisfy the condition of Theorem 3. Since a point ¥ Y - X is not a Gs-subset of Y, Yis
not perfect.

This example also shows that Lemma 2 does not hold unless Yis a GO-space.

Example 3. Let Y be the Michael line, that is, Y = R is topologized as follows: Each irrational
point is isolated and each rational point has Euclidean neighborhoods. Then X = @, the set of
rational numbers, is not a dense subspace of Y. The remaining conditions are fulfilled, but Y is not

perfct. Hence the “denseness” is needed in Theorem 3.
Example 4. Let Y be the Souslin line, that is, Y'is a linearly ordered topological space such that

Y satisfies the countable chain condition (= the cardinality of pairwise disjoint open subsets of Yis

countable) and Y is not separable. Then every dense subspace X of Y satisfies the condition :
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Every relatively discrete subspace of X is an Fy -subset of Y. To see this, let Z be a relatively
discrete subspace of X. Since a GO-space is hereditary collectionwise normal, there exists an open
neighborhood U(z) of zin Y for each 20 Z such that {U(z) : z0 Z| is a pairwise disjoint collection.
Hence Z is countable. Therfore, Z is an Fs-subset of Y as required. Hence Y'is perfect. In fact, Yis
hereditarily Lindelof.

6. Applications

Proposition 3. Let X be a dense metrizable subspace of a GO-space Y such that the following
condition is satisfied : Every relatively discrete subspace of X is an Fq -subset of Y. Then Y has a o -
closed discrete dense subset, that is, Y has Property 1.

Proof. Theorem 3 shows that Y'is perfect. By Propositions 1 and 2, Y has Property 1. Also this
proposition follows from a result in [BLP]: A perfect GO-space that has a dense metrizable
subspace has a g-closed discrete dense subset.

Proposition 4. Let Y be a GO-space that has a point-countable base and X a dense metrizable
subspace of Y such that the following condition is satisfied: Every relatively discrete subspace of X
is an Fy-subset of Y. Then Y'is metrizable.

Proof. As is shown in Proposition 3, Y has a o -closed discrete dense subset. In [BL1], H. R.
Bennett and D. ]J. Lutzer proved that a GO-space that has a o-closed discrete dense subset and has
a point-countable base is metrizable.

Proposition 5. Let Y be a Souslin line with a point-countable base. Then there is no dense metriz-
able subspace of Y.

Proof. Suppose that X is a dense metrizable subspace of Y. Then Y has Property II. Since Y'is
perfect (see Example 4), there exists a o-closed discrete dense subset of Y by Propositions 1 and
2. Hence Y is metrizable by a theorem in [BL 1] since Y has a point-countable base. This is a
contradiction because Y'is not metrizable.

Proposition 6. Let X be a dense metrizable subspace of a connected linearly ordered topologi-
cal space Y. If every relatively discrete subspace of X is an Fg-subset of Y, then Y'is metrizable.

Proof. It follows from a theorem in [BLP] that Y has a o -closed discrete dense subset since Y’
is perfect by Theorem 3 and since Y has a dense metrizable subspace. The proposition follows
from a theorem of van Wouwe [vW]: A GO-space Y is metrizable if a connected linearly ordered
topological space has a g-closed discrete dense subset.
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7. Questions

(1) What is the largest category of topological spaces in which Property I implies Property II?
(2) Find a condition of a topological space that is different from perfectness for which
Property IV implies Property 1.
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